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Abstract 

We introduce a factorized difference operator L(u) annihilated by the 
Frenkel-Reshetikhin screening operator for the quantum affine algebra 
Uq{Cn'')- We identify the coefficients of L{u) with the fundamental q- 
characters, and establish a number of formulas for their higher analogues. 
They include Jacobi-Trudi and Weyl type formulas, canceling tableau 
sums, Casorati determinant solution to the T-system, and so forth. Anal- 
ogous operators for the orthogonal series Uq{B'i^^) and Uq{D^^) are also 
presented. 



1 Introduction 

In this paper we introduce a factorized difference operator L{u) related to the 
quantum affine algebra Uq{Cn^), and present its application to the ^'-characters 
of some finite dimensional representations. As for basic facts on finite dimen- 



sional representations, we refer to [ CPl , CP2 andjKa 



The theory of g-characters was introduced in |FR2, FM] motivated by their 



study of deformed W-algebras. See also |Kd]. The g-characters Xq ^-re Laurent 
polynomials in infinitely many variables {Ya(u)^^ | 1 < a < n, u S C}, which 
reduce to linear combinations of the usual characters with respect to a classical 
simple subalgebra in the limit g — > 1. For an irreducible representation V , XqO^) 
contains the highest weight monomial with coefficient 1, and the rest is generated 
by multiplying lowering factors corresponding to the negative roots. One of 
the fundamental properties of the g-characters is that they enjoy a symmetry 



analogous to simple reflections in the Weyl group |FR2, FM]. It is represented 
as 5*0 • Xg = for all 1 < a < n, where Sa is called the screening operator. 

We construct a difference operator L[u) acting on functions of a variable u 
with the following features: 

• Sa ■ L{u) = for all a. 



L{u) generates all the fundamental g-characters of Uq{C, 
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By fundamental g-characters we mean those for the fundamental represen- 
tations in the sense of | ]CP1 |. Such an operator of order n was known for An"^ 
in |FR1, FRS|. Curiously, our L{u) for Cn'' is of order 2n + 2 and has a form 
similar to the AjJ^^^j^ case, which contrasts with the well known embedding 
Cn ^ A2n-i- It contains each fundamental g-character twice and admits a 
factorization into 2n product of first order difference operators and a second 
order one. The last piece is further factorized if one extends the coefficient field 



Z[Fa(w) 



±11 



J l<a<n,^iG 



c to Z[(3a(w) ]i<a<n,u6C by introducing the Baxter 



Q functions as (2.1). Such an identification is based on the connection |FR2| 
between g-characters and the analytic Bethe ansatz K£, K0£] for solvable 
lattice models 

To utilize the ideas in the latter is another motivation of the paper. Roughly, 
Xq corresponds to an eigenvalue formula for transfer matrices, and the condi- 
tion Xq € naKer^a to its pole-freeness. Our approach here is based on the 
difference equation L{u)w{u) = 0, and involves only elementary linear alge- 
bra and a portion of combinatorics. By means of a difference analogue of the 
Wronskian method for ordinary linear differential equations, we express the fun- 
damental g-characters and their higher analogues in terms of a ratio of Casorati 
determinants. They may be viewed as analogues of the Weyl formula for usual 
characters. By a standard argument [NNSY], the ratio of the Casorati determi- 
nants is equal to a sum over semistandard tableaux on letters {1,2,... ,2n-\- 2}. 
Until this point, parallel results are derivable also for the ^2n+i case. A cu- 
riosity for Cn^ case is that one of the tableau variable has a minus sign. (See 
(2.?;).) Nevertheless all the negative contributions cancel out for many exam- 
ples including fundamental g-characters as exhibited in Appendix It will be 
interesting to seek applications of the present results in the light of the works 

[ pHKl , p<| , pm] , |frs| , |klw4 P^ , m, |i|. 

The paper is organized as follows. In Section ^, we define L{u) and derive 
various formulas for the fundamental q-characters. In Section ^ we extend the 
results in the preceding section slightly to a class generated by L{u). This 
is partly motivated by a similar structure observed for the Stokes multipliers 
[ pDI] , |Sl|, |S2) . In Section |, we present a solution of the cl^^ T-system ]KNS[ in 
terms of the Casorati determinants. An analogous result for A^n^ is available in 
[ |KLWZ[ . In Section I we give similar difference operators L{u) for Bn^ and d'^\ 



which originate in | KOS| , [TK| . However, their orders are not finite as opposed 
to the case. Appendix |^ contains a combinatorial proof of Proposition 2.4. 
Appendix ^ provides some basic lemmas connecting the Casorati determinants, 
tableau sums and Jacobi-Trudi type formulas. 



2 L{u) and fundamental g- characters 

Let {aa \ ^ < a < n} and {Aq | 1 < a < n} be the sets of simple roots and 
fundamental weights of C„ normalized as (aajaa) = 1 + f^an- Throughout the 
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paper we set 



We denote the Frcnkcl-Reshetikhin variable yQ^,^. |FR2[ | for U^jcli^) by Ya{u) (1 < 
a <rL)^ and introduce the Baxter Q functions Qa{u) related to Ya{u) as 



Ya{u) 



Qa{u 



("a|"°) 
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(2.1) 



For the definition of the q-character we refer to the original paper | FR2 |. Here we 
recall the screening operator Sa- Sa sends the elements in ^ = I'[Ya{u)^^]i<a<n,u£C 
to the ring extended by adjoining the extra symbols {Sa{u) | 1 < a < n, m G C}. 
The action is given by 

Sa ■ Yb{u) = SabYb{u)Sb{u) 

and the Leibniz rule. Thus for example Sa ■ Yi,{u)^^ — —SabYb{u)^^Sb{u). The 
symbol Sa{u) is assumed to obey the following relation in the extended ring: 

Sa{u + {aa\aa)) ^ Aa (^U + ^'^"^""^ ^ S'a('u), 



= n 



Qb{u - {aa\ab)) 



(2.2) 



^Jl Qb{u + {aa\ab)) ' 



where Aa{u) can actually be expressed in terms of the K-variables only. 
Let 

J = {l-<2-<---^n-<n-<---^2-<l} 

be an ordered set. In what follows we shall work with the two sets of variables 
{za{u) \ a € J} and {xa{u) | 1 < a < N} specified by 



Za{u) 



Yaiu+^) 
Ya-li^^+^^)' 



Zaiu) 



Ya-l(u + 



2n-a+3 



2n — a+4 \ 
2 



2 / Ya{u 
Xa{u)^Zaiu), X2n+3-aiu) ^ Za{u) l<a<n 

Q«(w + t)Q„(w + ^) 



1 < a < n, 



Xn+liu) = -Xn+2{u) = 



Qn{u - 



n+2 \2 
2 > 



(2.3) 
(2.4) 
(2.5) 



where Yq{u) — 1. Note here that unhke ( p.3| ) and (p.4|), Xn+i{u) = —Xn+2{u) is 
not expressible as a ratio of 1^'s. 

In this paper, we denote the g-character Xq(l^„ ((?")) of the fundamental 
representation Va„('?") by t[°'\u) (1 < a < n). In terms of the variables (2.3), 
it is given by 



ri(°^(u + 



1 a 
— )z^2 (wH 



(2.6) 
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where the sum runs over ii, . . . ,ia G J such that 

ii'<---'<ia, (2.7) 
if ik = c, ii — c for some 1 < c < n, then n + k — I > c. (2-8) 

Upon a suitable convention adjustment, this agrees with Sa{zq~^/^) in section 
11.3 of |FR1|. It also coincides with A'f\u + 1/2) in |K5], where the condition 
( ^.7| )^(2.8) was first introduced under which the number of summands is indeed 
equal to the dimension (^^*) — {a-2) ^^'^ ^ fundamental representation of 
Cn- We have t[°'\u) —Yaiuj-V---, where Ya{u) is the highest weight monomial 

S- 

Example 2.1. For n = 2, the two fundamental g-characters read 



T^'>iu)^Y2{u) + 



(2),..^ , Y,{u+^)Y,iu+l) , Y,iu+^) , ^2(^ + 1) 1 



Y2iu + 2) ri(w+|) Yi{u + l)Yi{u + I) ^2(^ + 3) 

Let D be a difference operator Dg{u) = g{u + 1)D. We use the notation 

k k 

Yl^^i — ^1^2 ■ ■ ■ Xk, Y[ — Xk ■ ■ ■ X2X1. By a direct calculation one finds 

i=l i=l 

Lemma 2.2. 

n n 
]J (1 - Za{u)D) ■ (1 - Zn{u)z„{u + I)!)')- Za{u)D) 

a—l a—l 

n n 

= n (-^"(^ + n + 1 - a) - D) • - 1)2„(m) - D^)- J]^ (2^(1* - n - 2 + a) - _D) 

a—l a—l 

iV JV 

~ >^iXi{u)D) = - n + ?i + 1 - j) - -D). 
1=1 j=i 

where = 1 /or i^n + l,rt + 2 and e„+i = e„+2 = il- 

In particular the middle quadratic factor can be factorized as 
D"^ - Zn{u - l)zn{u) = - Xn+i{u ~ l)x„+i(u) = (a;„+i(w) ± L')(a;„+2(w - 1) ± D). 
We define the L operator by 

N N 

L{u) {x,{u + n + l-i) - D) = x,{u)D). (2.9) 

i=l i=l 



4 



Due to Lemma 2.2, L{u) is a polynomial in D of order N with coefficients in y. 
For a difference operator of the form J2j '^j{u)D^ with Cj{u) S y, the screening 
operator acts as 



Proposition 2.3. 



L{u)Qi{u) = 0, 

Sa ■ L{u) = 1 < a < n. 



(2.10) 
(2.11) 



Proof. The rightmost factor in the first expression of ( ^.Qj ) reads (Qi (it+l) /Qi{u) 
D), proving (2.10). As for ( ^.11| ), we illustrate the a = n case. By the defi- 
nition, Sn acts non-trivially only on the middle three factors in (2.9), which is 
expanded as (v = u + ^) 



Y„(v) 



D 



Yniv + 3) y„_l(^;+|) 



Upon applying Sa, this becomes 



Sniv + 2) 



Yn-iiv + ^) 
Yniv + 2) 



Sn{v) 



Yn{v) 



Ya-l{v+l) 



D 



Yn-l{v+^) 



Yn{v + i) 

This vanishes under (^.2[), i.e.. 



Yn-l{v+^) 



Sr^{v + 2) 



Y^[v)Y^{v + 2) 



Yn-i{v + i)Yr,-i{v + \) 



— Sn{v). 



Let us introduce the notation: 

a a 

Xuiii, . . . ,ia) = W_Xi^{u + I - fc), Zu{ii, ...,ia) = Wzi^{u + l- fc), 

^Xu{il, ... ,ia) 

i 

^ Z„(ii, . . . ,la) = ^ Z„(ii, . . . ,Za). (2-12) 



fc=l 



fc=l 



^ ^u(il, • ■ ■ ,ia), 
l<ii<-<ia<N 
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Expanding (2.9) we get the two expressions: 



N / 

L(u) = ^(-l)M^X„+„(*i 

a=0 \ i 

a=0 \ i ) 



Thus we find 



N 



L[u)= J2 i'iyeM-dn+'-)D^-Y.i-iyedu+'-)D' 



i=n+2 



ea{u+^) -eN-a{u+^) 0<a<N, 



(2.13) 

(2.14) 
(2.15) 



I n pa rticular ( 2.14 ) tells en+i{u) — 0, ejv(u) = —1. In view of (2J), the sum 
( ^.15 ) contains sign factors. However, they all cancel out leaving the "positive" 
contributions only. 

Proposition 2.4 (Canceling tableau sums for fundamental g-characters). 



We have T^°'\u) — ea{u), namely, 



T^°'\u) = ^X„+|_i(ii, ... ,ia) 1 <a<n. 



(2.16) 



The proof is available in Appen dix [A| , where we show that the cancellation in 
( ^.15 ) precisely leaves the sum in ( |2.6D -(2.8). From Proposition 2.4 and ( 2.13D , 
one has 

Theorem 2.5. 



JV 



Liu)= ^ {-lYTi''-'\u+'-)D^-Y^i-lM\u+'-)D\ 



i=n+2 



From Proposition 2_^ and Theorem 2J we conclude Sa ■ Ti''\u) = for all 
1 < a, 6 < n. 



For later convenience, we extend '{u) to a e Z by 

T^''\u)^0 for a<0, ^(w) = 1. 



(2.17) 



Then Theorem 2.5 is rephrased as 

N 



(2.18) 



i=0 
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Now we turn to the linear difference equation 



L{u)w{u) = 0. 



(2.19) 



Let wi{u), . . . , W7v('u) be a basis of the solutions of ( 2.19 ). For ii, . . . ,im G 
Z (m < N), we prepare a shorthand for the Casorati determinant: 



[n, 



^] = det 



/ wi{u + il) 



\Wm{u + il) 



Wi{u + i,n) ' 



Wm{u + im)l 



(2.20) 



We will write [0, . . . ,3] to mean the consecutive filling [0, 1, 2, 3] for example. 
Note that w-dependence is suppre ssed in LHS and the overall shift v ^ ir + 1 
is equivalent to m ^ u + 1. From ( ^.ig| ) it follows that 



[0, 



,iV-l] = -[l,... ,iV]. 



(2.21) 



Proposition 2.6 (Weyl type formula for fundamental (/-characters). 



(a), , «N [0, ... ,Q- 1,Q+1,. 
^ ^" 2^" [1,2,... ,iV] 



Q<a<N. 



Proof . Solve the simultaneous equation obtained by setting w = wi, . . . , wat in 
(ra, i.e., 



7V-1 



j{u + N)=Y, {-iyT'^\u + -)w{u + i) 



(2.22) 



with respect to the coefficients t[^\u 



Proposition 2.6 is also shown by applying Proposition B.3 to Proposition 



24 For the choice w{u) = Qi(u) (see ( |2.10[ )), ( |2.22| ) is often called the 'T - Q 
relation" . 

Before closing the section, we make a few miscellaneous remarks on L{u)^^ . 
For m G Z>i define 



T^J.\u + \) = Y,z,,{: 



m — 1 m — 3 TO — 1 

u —)Zi2 [u —) ■ ■ ■ (u + ), 



2/ ^--iv- 2 ' '"^ 2 
where the sum runs over ii, . . . ,im^J such that 

ik ^ ik+i or (jfc, ifc+i) = (n, n) for 1 < fc < m - 1 



(2.23) 



We put T^^\u) — Tq"''{u) = 1. From the first expression in Lemma 2.2, we find 

oc 

-i(«)-i=5]rW(^+^)i^™, (2.24) 
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hence Sa-Tjn\u) = 



The horizontal tableaux obeying the condition (2.23) have appeared in eq. 



(3.15a) of [KS|. We suppose that the quantity T^\u) is the irreducible q 
character with highest weight monomial Jl^i^il'^ + ■ Multiplying 



( ^.18[ ) and ( ^.24[ ) we deduce two types of "T - T relations" : 



N 



a=0 
N 



2' ' ' 2 



a=0 



2 )n 'iu+^)^s^o 



for m G Z>o. As is well known for An case, the T — Q relation ( 2.1C ), namely. 



N 

J2(-irQ,{u + a)Ti''\u+^) = 



is obtained from the limit m — > oo in either T — T relations with a formal 
identification 

Qi[u)= hm r«(yT^). 

The T—T relations are also obtainable by expanding the determinant expression 
for Tm\u) in Remark iA with respect to the first row or m th column. 



3 Higher g-characters generated by L{u) 

Evaluation of the ratio ^"^'^'^'''^y 'n'-i] Casorati determinants has been 



done in Appendix Especially, Proposition B.3 is an essential result saying 
that it is a polynomial in the fundamental g-characters {t[°'\u) | 1 < a < 
rijU d C}. To clarify its g-character content (irreducibility, decomposition into 
classical characters, etc.) for general ii, . . . ,iN-i is left to a future study. See 
Remark ^.4 In this section we concentrate on a modest class generated by a 
repeated application of (2.22). The resulting relation of the form 



(3.1) 



uniquely determines the coefficients. In other words, we define (u) (0 < i < 
-/V — 1, fc G Z>o, u G C) via the recursion relation and the initial condition: 



it(*-1) / 

-HI '{u- 



(3.2) 
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where in the former we understand that uj^ ^''(w) = 0. By the definition 
= {-lySik for < < iV - 1 and -ff^^(w) = T^'\u). The foUow- 
ing shows that the class h'^\u) is relevant to Young diagrams of hook shape. 

Proposition 3.1 (Jacobi-Trudi and Weyl type formula). 



-det 
[0,1, 



l<jJ<k-N+l 



1 



< fc < iV 
k> N 



,N-l,k] 



[0,...,7V-1] 

where X'j is specified from i and N by X'^ = 1 + {N — i — l)<5ji 



Proof. Due to ( 2.17 ), the determinant satisfies the same recursion as (3.2), prov- 
ing the first expression. As for the second one, solve the simultaneous equation 
obtained by taking w — wi, . . . , w n in (3.1). It can also be derived by rewriting 
the first one by using Proposition B.3. I 



Regarding A' — (A^ ) as the transpose of the Young diagram A (cf. [|Ml| ), we see 
that the latter is of hook shape with width k — N + 1 and depth N — i. 

Let us rewrite ( ^.22 ) and (3.1) into matrix forms. We introduce the A^- 
diniensional vectors and square matrices 



w{u) 



( w{u) 
w^u + 1) 



hk{u) 



\w{u + N -1)J 



\ 



V(-i) 



k 



/O 
1 



7{u) 



1 



Vo 



[-1)N-^t['''^\u+1^) 

1 [-1)N-it[''-^\u+^)J 



Oikiu) = (hk{u), hk+i{u), . .. , hk+N-i{u) 



Then ( p.22D and (^ lead to 

*w(u + 1) = *w(u)T(u), ^w{u + k) = *w(u)J{fc(w). 
Therefore we have a product formula 

7{u)7{u + 1) • • • T(m + fc - 1) = 3<k{u). 
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See I DDT, S2| for a similar structure observed for the Stokes multipliers in 
An^ case. We set 

[-1 n + 1 <j <iV-l. ^ ' ^ 

Conjecture 3.2. For k > N + 1, the quantity (TiHj^\u + |) (0<i<A^-l) 
is the irreducible q-character with the highest weight monomial (Yo{u) — 1) 

k — N 

Ym\n{i,N-i) + 2 ) n ^1 ^ ^ ) otherwise. 

Let us turn to the Cn content of h'i^\ Let (a|7) be the Young diag ram of 
hook shape with width a + 1 and depth 7 + 1 (Frobenius notation |M1|). The 
corresponding C„ character with highest weight aAi + A-^+i is represented by 
X(a\-y)- Especially, we shall denote the character of the trivial representation by 
X(-i|o) = 1 rather than by X(o|-i)- Recall the homomorphism |FR2| 

/? : y = 'L[Ya{u)^%<a<n^ueC ^ Z[e±^»]i<a<„ 



sending Ya[u)^^ to e^'^". For l<i<A^— Iwe know 
/?(a.T«(u)) - 



if « = n + 1 

X(o|min(i,Ar-i)-i) Otherwise. 



Proposition 3.3. For k > N + 1, the image of Hj^\u) {0 < i < N — 1) under 
P is given as 

/3(Ff)=-/3(Hfr^^)-Ex(™,-i|, 



1|0), 



(3{h\^^) = < ^ X(k-N-2j\a-l) + E X(k-N-2j^l\a) 1 < a < 71 - 1 



where we have suppressed u on LHS since the result is independent of it. The 
sum E^x(q^ ~ 2j|7) (resp. E^ x(Q! — 2j|7)j extends over j G Z>o such that 
a — 2j > min(0, 7 — 1) (resp. a ~ 2j > 0). 



Proof. Check the relation ( |3.2| ) under /? by means of(l<a<7T,,p>0) 

X(p-l|0)X(0|a-l) — X(p|a-1) + X{p~l\a) + X(p-l|a-2) + X(p-2|a-l)i 

where X(p|a) = for any p if a < — 1 or a = n. I 
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Extending (3 on we introduce a map (3' which is appUcable also to the 
solutions Wi{u) of ( 2.19| ) as follows. We parameterize the fundamental weight 



Aq in terms of the orthogonal basis (1 <h<n) as = £i + • • ■ + Ea- The 
Cn Weyl group acts as a permutation or x(±l) on {si] as is well known. For 
1 < i < iV, introduce the variable xi by 

i = n + 1 
n(i,jv+i-i) otherwise. 
We take (3' to be the same as /3 on and 

13' : Xi{u) ^ Xi, Wt{u) i~» 1 <i < N. 




The former (i 7^ ?i + 1, rt + 2) follows from (2.3)-(2.4) by applying /3. The latter 



has been adjusted to ( |B.3| ). As a result we get 

, [0,n,^2,--- ,»iv-i] deti<,-fc<^ (x'/-') 
[0,1,2,-.. ,7V-1] ^ dcti<,, fe<^ (x^^-i) ' 

where io — 0. This is a Weyl group invariant Laurent polynomial in e^^ , . . . , e^" 



hence a linear combination of C„ characters. Under /3', Proposition |3.l| yields 
Jacobi-Trudi and Weyl type formulas (but A2„+i-like rather than C„) for the 
linear combinations of C„ characters associated to the hook diagrams. 

Remark 3.4- For any ii, . . . ,ijv-i G Z, one has ^°oi'2^ 'w'-if ^ ^- However 
the coefficients of the monomials in y are not always all positive or negative. 
For example for C2, one has 

^^T^^4\-Y2{u + 2)Y2{u + A) + Y2{u + i)---- , 
Yi(u + — ) 

which consists of 19 monomials. 



4 Solution of the T-system 



The T-system is a set of functional relations among a certain family {Tm\u) \ 
1 < a < n,m 6 Z>i,m £ C} of commuting transfer matrices in solvable lattice 
models proposed in [KN£] for any Uq{X^^). It has a form of the Toda field 



equation on a discrete space-time: 



rp(a) 



2 



= 7;lrji(.)rir!,(.) + ^(?)(«), 
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where m > 1, Tq°'\u) = 1 and Sm\u) is a certain product of Tm^('u)'s. aa (1 < 
a < n) denotes the simple root of Xn- The T-system uniquely determines 
Tm ' (u) as a rational function of the fundamental ones 

n, M e C}. Moreover it has been proved for non-exceptional algebras |KNH| that 



Tm\u) is actually a polynomial in these variables expressed as a determinant 
or pfaffian. 



Let Wm\u) denote the Kirillov-Reshetikhin module over Uq{Xn') |KR| 



By this we mean the irreducible one whose g-character has the highest weight 

1 — 2j)). In the light of the correspondence 



monomial 11^=1 ('^ + ^ . - . , - _ 

between the transfer matrices and g-characters (cf. section 6.1 in FR2| |), it is 
natural to make 



Conjecture 4.1. The identification Tm\u) = Xqi^m' (u)) solves theT-system. 
Motivated by these aspects, we here present the solution of the Cn^ T- 



system in terms of the Casorati determinants (2.20), which may be viewed as 
a Weyl type formula for q-characters of the Kirillov-Reshetikhin module. The 
T-system is explicitly given by 

TtHn - l)T,[:Hu + i) = T,^:liu)T^Uu) + Tir^ (u)T(r+i) H 1 < a < n - 2, 

(4.1) 

Tt-'\u - l)Tt-'\u + i) = Tir+V(z.)ri:-V(.) + Tt-'\u)T(:\u - l)Ti-\u + i), 

(4.2) 

Tt+hn - l)Tt-+hu + ^) = Tt-+ku)Tt-'\u) + T^-^l {u)T^rn\u)T'^l{ul 

(4.3) 



T^:\u - i)T^:\u + 1) = tI::1{u)tI::\{u) + t!,-;'\u). 

where ro(°^(u)=Ti°^(u) = l. 
Set 

^mH") = [0, 1, • ■ ■ , a - 1, a + ™, a + ™ + 1, • ■ ■ , ^ + - 1], 



(4.4) 



Lemma 4.2. ^m\u) satisfies the relations: 

itHu)itHu + 1) - dti(")e™-i(" + 1) - + 1) = 0, (4.5) 



(4.6) 



Proof. (4.5) is a Pliicker relation. (4.6) is shown by applying (2.17) to the latter 
formula in Proposition B.3. I 
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From a = N/2 case of (|4^, it follows that 

^,'"+'n«)=0 me2Z>o + l. 
Consequently, one has the identities: 

- 1) = ^t^'\u)trn'\n - 1), 



(4.7) 



since LHS - RHS become -Cr+i(u - 1)^-1 («) and Cr;i(u)et+W " 1) 
due to (U). 

Now our solution is given by 



Proposition 4.3. The following solves the Cn'' T-system. 



2 

n + 2to 



en 

n + 2m - 2 , 



1 < a < n - 1, 



an) 



n + 2TO ^^(„) 
2 



2 ^ 



71 + 2to , 9 

) 



an) - 



(4.8) 
(4.9) 
(4.10) 
(4.11) 



which are equivalent, due to ((-6), to the alternative forms: 

,iN-a), 



a + TO-1, , Cm' "(u + a-Y 



2 

n + 2m 



-) = (-ir 



CH 



l<a<n-l, (4.12) 



» + 2m-2 Ct^^>(u-1) 
2 ^ e(^t + l) 



n + 2m ^^(„) » + 2m ^ _ C2m^^j(" " 1) 



(4.13) 



(4.14) 



Proof. First we are to show the consistency of (4.9), (4.13) and (4.11). Namely, 
evaluation of {Tjn\v)Tjn\v - 1))^ by {^) and (|1|) indeed coincides with the 
result by (4.11). To see this, we multiply (4.9) not with itself but with ( 4.13D , 

- - +2, ■ 

2 



leading to (w = ^-^ ^+2™^ 



{T^Hv)T(:\v-l)r^ 



au)au - 1) ■ 



On the other hand ( 4.11 ) says that LHS is equal to 
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Thus they agree owing to the first relation in ( |4.7| ). Similarly, the consistency of 
(4.10), (4.14) and (4.11) is confirmed by means of the second relation in (4.7). 

Now we proceed to the check of (4.1)-(4.4). Upon substituting (4.8), the 
difference of LHS and RHS of (4.1) vanishes due to (4.5). Similarly, one can 
verify ( p^ and (O) by using (4.9) and ( [4.10| ). As for the last relation (^^, 
we first niuhiply (jt^u))^ and regroup the factors as 

(t,^:Hu)t(-\u - 1)) (t(-Hu + i)ri")(i 



Upon applying (4.9), ( 4.10 ) and ( 4.11 ) to the first, the second an d th e third 
terms, respectively, the result again reduces to the Pliicker relation (4.5). I 



Combining (|49|), (4.10), (4.13) and (4.14), we also have the expression 

T(")(. + !i±^) - (-1)" ft + - ft ^^^-^'^"^ 



This implies the square root of ( 4.11 ) is taken so that Tm\u) — Hjli Yn{u + 
m + 1 - 2j) + • • • . 

Remark 4 ■4- The following Jacobi-Trudi type formula is also known as Theorem 
3.1 in iKNH|: 



det [T^^-'+'hu- 

l<j.l<m ' 



T^Hu) = (-l)™pfi<,,<2„. 
where pf stands for the Pfafiian. 

5 Bn^ and Dn'' cases 



j + I — m — 1, 



1 < a < 71 - 1, 



j + / - 2m - 1 , 



) ' 



Here we present L operators having the same property as Proposition 2.3 for 
Bn^ and Dn^ . However they are not polynomials in D. Essentially they are 
the generating series of the pole-free combinations in the analytic Bethe ansatz 

[ |kos| , |ti^ . 



For B,P we set 

Ya{u + a) 



Za{u) 
Zn{u) 

zo{u) -■ 



Za{u) 



Ya-i{u + a + l)'' 

r„_i(u + n+l) 

Yniu+^) 

Y^{u + ^y 



Ya-i{u + 2n — a) 
Ya{u + 2n - a + 1) 

Zn{u) 



1 < a < n - 1, 



Yn-i{u + n) 



Y,{u+^)Y^{u+^] 
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L{u) (1 - Za{u)D'') ■ (1 + zoiu)DY'- n (1 ^ ^aHD^ 



Let aa < a < n) he the simple root of B„ normalized as {aa\aa) — 1 — 8^ 
We let Sa denote the screening operator for b\^'' specified by (2.2) and (2.1) 

Proposition 5.1. Sa ■ L{u) = for all 1 < a < n. 



Proof. For a ^ n this can be directly checked as ( ^.11 ). For a = n, we are to 
show Sn ■ X{u + n ~ 2) — 0, where 



Y„-i{v + 2) 



Y„{v + 5/2)Y„{v + 7/2) 



F„(w + 7/2) 



Y„-i{v + 3) 



Expanding X{v) one has 



Xiv) = 1 - f{v)D^ + h{v) Y^{-iyk{v + 2i)L>2J■+^ 

3=0 

r„(i; + 3/2) , y„_i(v + 2) , y„(w + 3/2)y„(^; + 5/2) 



/(«) 
fc(u) 



r„(« + 7/2) r„(v + 5/2)y„(« + 7/2) 
1 , y„(« + 9/2) 



=r„(« + 3/2) 



i;.-i(« + 3) 

r„_i(« + 2) 



r„(i; + ll/2) r„_i(t; + 5)' 
It is easy to verify Sn ■ f{v) = Sn ■ k{v) = Sn ■ h{v) = 0. I 
We introduce the expansion coefficients of L{u) as 

L{u) = 1 + ^(-l)"T''(u + a)D^'', 



Yr,{v + 5/2)- 



a>l 



(5.1) 
(5.2) 



m>l 



Under the correspondence {2A), they agree with those defined in eq.(2.7) in 
[ K0£ |. For 1 < a < n — 1, T°-(u) essentially coincides with Sa{z) in section 
11.2 of |FR1|, which may be viewed as the g-character of the a th fundamental 



representation of Uq{Bll^). Note also that L{u)Qi{u) — 0. As a corollary of 



Proposition 5.1, these coefficients are annihilated by all the screening operators 

Sa- 

For Dii we set 

/ N Ya{u + a) Ya^i{u + 2n - a - 1) 
Za[u) ^ — — ■ — , Za{u) ^ — z ^ 1 < a < n - 2, 



Ya-iiu + a+l)' 



Ya{u + 2n- a) 



y„(u + n - l)r„_i(u + n - 1) 

Zn-l[u) ^ ■ ^ , Z— (U) - 

Yn-2(U + n) 

Yn{u + n-l) . , Yn-i{u + n-l) 

Zn(U) = — -, ■ — T, Zn{u) - 



Yn-2{u + n) 



Yn{u + n + l)Yn-i{u + n + ly 



Yn-i{u + n+l)' 



Yn{u + n + l) ' 
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L{u) =l[ (1 - Za{u)D^) ■ (1 - z„{u)zn{u + 2)D*)-^- W [l - Za{u)D^). (5.3) 



Let (1 < a < n) be the simple root of Z?„ normalized as {aa\aa) — 2. We 
let Sa denote the screening operator for Dn'' specified by (2.2) and (|2.l|). 



Proposition 5.2. Sa ■ L{u) = for all 1 < a < n. 



The proof is similar to Proposition 5.1. In particular, 5'„-L(u) = is reduced 
to the following two lemmas. 



Lemma 5.3. Setting 



ha{u) := Ya{u) + 



yn-2(M+l) 
Ya{u + 2) ' 



fc„(u):=y.(u)-i + /°^" \ (a = n-l,n), 

Yn-2{U - 1) 



077.6 has Sn ■ hn(u) = Sn ' kn(u) = 0. 



Lemma 5.4. The Yn- dependent factors in (5^) can he expanded as 



Vn-l(^' + 5)y„(^; + 5) )\ 
^ _ YAv + i) A _ yn-i(« + 3)y„(t; + 3) ^2 



y„_i(u + 3) v;(i; + 3) ^4 



Y^{v + 7) 



Fn-i(« + 5) ;V K-2(f + 4) 

1 - ^ (fc„-i(i; + 4j + 5)/i„(t; + 3) + (1 - 5j,o)K{v + 4j + 5)/i„-_i(?; + 3)) D*'+^ 



+ T ( K-iiv + 4j + 7)h^^i{v + 3) + Kiv + 4j + 7)h„iv + 3) - '^..o ^T'^i" t ) 

^ \ >ri-2(« + 6) 



]>0 

where v = u + n — A. 



Defining T°-{u) by ( |5.l|) and (5_^), one finds, und er the correspondence (2.1), 
that T'^('u) coincides with 'J'^(u) in eq.(2.9) in [^kL For 1 < a < n - 2, r°(u) 
essentially agrees with Sa{z) in section 11.4 of [FR1|, which may be viewed as 



the q-character of the a th fundamental representation of Uq{Dn^). Note also 



that L(u)Qi{u) =0. As a corollary of Proposition 5.2, T''{u) is annihilated by 
all the screening operators Sa- 



A Proof of Proposition |2.4 

We begin by grouping the summands in RHS of ( |2.16| ) as 

E + E + E + E ■ 

i^n+l,n+2 i3n+l,i^n+2 i3n+2,i^n+l i3n+l,n+2 
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Due to ( |2.5| ), the 2nd and 3rd terms cancel each other. The summands in the 
first and the last terms can be expressed with Zi(w)'s by using (2.5) and 



Xn+l{u)Xn+2{u - 1) = -Zn{u)Zn{u - 1). 



The result reads 

... ,ia) 



a-2 



= ... ,ia) - 

i k—Q i.j 



7 ja-2-k)- 

(A.l) 



Here the first sum is taken according to ( 2.12| ). ^ ■ j in the second term extends 
over ii, . . . , ik,ji, • ■ • ,ja~2-k G J such that \ < ii ^ ■ ■ ■ < ik n and n < 
ji ^ ■ ■ • -< ia-2-k 1- Note that the second term contains the summands with 
at most two n's and two n's in the i, j-arrays. So those patterns do not match 
a semistandard column tableau with respect to the order -<. This will be the 



point that the remainder of the analysis concerns. From (A.l) and (p77|)-( pT8| ), 
Proposition 2.4 is reduced to (u = it + | — 1) 



a-2 

^^Zi,(zi,... ,ifc,n,n, ji, . . . ,ja-2-k) 

k—O ij 

= ^ Zv{ii, . . . ,ia). 

l<ii-<----<ia^l: (p^) is broken 



(A.2) 



For n 2 or < a < 2, it is straightforward to check (A.2). Thus we 
assume n > 3 and fix 3 < a < n (and any u g C) from now on. We call 
the arra y (i i, . . . , ig) of elements ii, . . . ,ia G ^ a tableau. We do not a priori 
assume (2^) and (2.8). 



Lemma A.l. 



n-fc+l _ 

,6, ^,6,...) = Z„(. 



n-b+l 

,6-1, ,6-1,...) 2<6<n 



with no change for . . . parts. 
Proof. For any u we have 

Zh{u)zi{u — n + 6 — 2) = zij^i{u)zj—^{u — n + 6 — 2) 2 < 6 < (A. 3) 



Actually (A. 3) is valid also for 6 = 1 if we interpret zq{u) = Zq{u) = 1. 
We introduce a map of tableaux: 



n : (ii, . . . , ia) 1-^ (i'l, . 



2 < 6 < n, 
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n-b+1 _ 

where RHS is obtained from LHS by making the transformation (. . . ,6, <^ , b, . 

n-b+l _ 

(. . . ,6—1, 'T?^ , 6 — 1, ... ) for aU the {b, b) pairs matching this configuration. 
When there is no such {b,b) pair, we a ssum e the action of is trivial, i.e., 



(i' . . . , zj,) = (ii, . . . , la). Due to Lemma AA, ti, is Z„-preserving 



Example A. 2. We set n = a — 9. Omitting the parenthesis we have 



3 5 7 9 9 9 8 7 3 3^3 5 7 8 9 8 8 7 3 
3^3 5 7 7 9 8 7 7 3 
3^3 56698663 
3^3 55698653 

3>3 45698643 (A.4) 
3^2 4569864 2. (A.5) 
On aU the tableaux T2 and act trivially. 
Set 

V = {{h <ik^n,n^n-<--- -< ia-2-k) I < fc < a - 2}, (A.6) 

W = {(n ^ • • • ^ ia) I dH) is broken}, (A.7) 

where > G J extend over all the possibilities so that V (resp. W) coincides 
with the range of the sum on LHS (resp. RHS) of ([A.2|). Since r^'s are Z^- 



preserving. Proposition 2.4 is reduced to constructing a bijection t : V — > W 
from their composition. This will be achieved in Proposition |A.^ later. 

For 2 < b < n and I, m e Z>o such that |^ — m| = 0, ±1, {I, m) ^ (0, 0), we 
introduce the subset V^'™ C V defined by 

n''™ = {(n <■■■<^o.< ^ ^ . . . ^ ^ 5. . .5 ^ fc^ ^ . . . ^ fc^) I (A), (B), (C)}, 

(A.8) 

(A) fcr e J, a,,3,7 > 0, a + /3 + 7 + Z + TO = a, (A. 9) 

(B) if 2r = ci, is = A for some b < d < n, then n + r — s > d, (A. 10) 

(C) One of the following (C1)-(C4) holds: (A.ll) 

(CI): Z = TO>1, / + /3 = n- 6+l, i.e., (. . . ,'b~2bb, ■ ■ ■ .b b...b . ...), 

(C2): l = m>l, l + P^n~b + 2, i.e., (. . . . b^ .... . b...b ,...). 

I 

(C3): Z = TO+1>1, l + l3 = n-b + 2, i.e., (. . . . b...b b.... . b...b ....). 
(C4): Z = TO-1>0, l + l3^n-b+l, i.e., (. . . , 6 . . . b . . . . , b b . . . b , . . . ). 
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where the underlines indicate those b and b that are changed into b — 1 and 
6—1 under the action of ti, for 6 > 2. In short, the condition (C) is selecting 
the tableaux of the form 

(... ,6_^(6),... ,(6)L^,...), (A.12) 

where (&) and (b) can be present or absent independently. The c ondition (B) says 
that ( p^ ) is satisfied for the segment ji -< ■ ■ ■ < jp. In (|A.S| ), the inequalities 
involving & or 6 should be imposed even when Z = or m = 0. We set 

H= U n''™ 2<6<n, 

l,m>0, (/,m)7^(0,0) 

where we assume V^'™' = unless |^ — m| 0, ±1. 
As an example, we have 

v = Vn = vy u vt^ u u v^^\ v^^^ c w. 

Given 3 < a < n, only Vn-i, . . . , Vn-a+2 are non-empty, and the last one 
reads 

where jV's obey the condition (B). It is easy to see 

T^»{t) = t for any t £ V;»- (A. 13) 

Note that a' > 2. 

Lemma A. 3. //i G Vb, then Tb{t) — t or Tb{t) G V^-i /or 3 < < n. 



Proof. Wc set c = 6 — 1. As in (A.12), an clement t £ Vb has the form t = 
(. . . , d, b . . . b (b), . . . , (6) 6 ... 6 , e, . . . ), where d -< b,b -< e. Suppose Tb{t) / t. 
We classify the nontrivial action of Tb into four cases; (Dl) d = c,e = c, (D2) 
d = c, e ;^ c, (D3) d ~< c,e — c and (D4) d ~< c,e >- c. In each case, the action 
t Tb{t) is given as follows: 



(Dl) 
(D2) 
(D3) 
(D4) 



(... ,c, b...b {b), . . . , (6) 6 ...6 c,...) ^ {. . . , c c . . . c {b), . . . , (b) c . . .cc , . . 

(... ,c, 6. . .6 (6), . . . , (6) 6 ... 6 , ... ) 1-^ (... . cc.c cib),... . (b) c . . . c , . . 

(. . . , b...b (b), ... , (b) b ...b e. . . . ) i-^ (• . • . e...e (b). ... , (b)c c...cc . . . 

(... ,6^(6),... ,(6)6_6,...) K^(... ,c_^c(6),... ,(6)cc_^,.. 



Here the underlines on RHS (resp. LHS) designate those c, c (resp. 6, 6) changed 
under Tc (resp. Tb). Comparing ( A.12[ ) with RHS's of (D1)-(D4), we see that 
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Tb{t) satisfies the condition (C) (A.ll) for Vc- The condition (A) is clear. The 
condition (B) is nontrivial only for the pair (6,6) when (6) and (b) are both 
present. In such cases the number P of the letters between (6) and (6) in (Dl)- 
(D4) is bounded by/3<7i — 6-1. Thus n-f3>b+l>b, showing that (B) is 
valid. I 



Given t = tn £ V = Vn, let td = Td+i ■ ■ ■Tn{t). From ( A.13| ) and Lemma 



A. 3, we deduce 



Lemma A. 4. There exists a unique p such that 



a* < p < n, 
tp ^ tp+i ^ 



^ tn, td eVd for p < d< n, 



p-i- 



Lemma A. 5. tp e W. 

Proof. In (D1)-(D4), the length of the underlines on the RHS are shorter than 
those on LHS only for (D4). Therefore the situation 



ip-hl ' ^ ip 



tp—1 — tp 



means that the map Tp+i underwent the pattern (D4) with length one underlines 
in its LHS. Namely we have 



n—p 



{... ,d, p+l 



, (P + 1) P. 



(■■• ,d, p (p+l),... ,(p+l) p, e, ...) 



tp+i e Vp+i 



tp ^ ^p , 



(A.14) 



where d ^ p—1 and p — 1 r< e. Let us check that RHS belongs to W. (Irrespec- 



tively of the presence or absence of (p + 1) and (p + 1), (A.14) says that there 
are always n—p letters between p and p.) First, there is no repetition of the 
same letter in the tableau tp because of the definition of Vp. Second, the {p,p) 
pair in the center certainly breaks the condition (2.8). I 



Remark A. 6. By the definition (A. 7), any tableau in W contains a pair [q^q) 
breaking (2.8). Let us call such a pair with the largest value of 1 < g < n 
the maximal breaking pair. (Actually a pair (1,1) can never break ( |2.8| ).) In 
the end of the proof of Lemma A. 5, we have also established the following: the 



maximal breaking pair of tp is (p, p) . 
Lemma A. 7. Suppose that in the tableau 



{... ,q,r^,q,...) e W, 

the pair {q,q) is the maximal breaking one. Then we have "f = n — q. 
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Proof. Since {q,q) breaks (2 
hence tl{(? + 1,^' + 2, 
with q < r < n between q and q, hence the tableau looks as 



, we know q > n — ^ . Assume that q > n ~ 
n} — n — q < ^. Then there is at least one pair (r, r) 



(■ 



,9/ 



.5 

^,r,^^q, . 



.), 7 = a + /9 + (5 + 2. 



meaning 



By the definition, the pair (r, r) must satisfy the condition (2. 
r < n — d. When there are more than one such r, we take the smallest one 
among those, which implies a + /3<r — q — 1. Now these relations lead to the 
contradiction: 

0<q-n + j^q~n + a + l3 + 6 + 2<~n + S + r + l<0. 



Note the consistency of (A. 14), Remark A. 6 and Lemma | 

By virtue of Lemma A. 4 and Lemma A. 5, we are entitled to define 



T : V 

t 



W 

tp = Tp_|_irp_|_2 ■ ■ ■ Tnii): 



where p is specified in Lemma A. 4. In Example A. 2, LHS is an element of V . 
When calculating its image under r, one has p — A, and the answer is (A.4) and 
not ( [A.5| ). Observe that (4,4) is certainly the maximal breaking pair in ( A.4 ) 
containing ?i — 4 = 5 letters in between. 



Proposition A. 8. The map t : V 



W is a bijection. 



Proof. We have only to construct the inverse of r. For 3 < 6 < n we de- 
fine the map ab '■ (ii,... ,ia) . . . by making the transformation 

n-6+l n-b+1 _ 

{... ,b - 1, , 6 - 1, ... ) ^ (. . . , 6, , 6, • • • ) for aU the (6 - 1, & - 1) 
pairs matching this configuration. Given any tableau s G W, we set (7{s) = 
Cn • ■ ■ o'p+20']9+i(s), where p is determined from the condition that {p,p) is the 
maximal breaking pair of s. By construction it is then evident that a{T{t)) = 
t, t((t(s)) = s for any t eV and s eW.t 



B Basic lemmas 



We keep the notation ( 2.20D but do not assume ( |2l9| ) and (|^) in Lemma B.l 
Set 



[0,. 



1][2,. 



,m 



,to][1. 



l<m< N. 



(B.l) 



We define ea{u) by (2.15) by replacing Xm{u) with Xm{u). In particular, ea{u) 
if a > iV or a < 0. 
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Lemma B.l ([NNSY|). Given the integers = zq < ii < ■ • • < iN-i, let l-i- = 
(fij) be the Young diagram with depth less than N specified by iij = iN-j+j~N. 
Let /i' = (/i^ ) denote the transpose of ii. Assume m > i^-i — iV + 1. Then 

[0,ii,Z2, • • • ,iN-i\ 



[TO, . 



, TO + iV - 1] 



rTT = II n it(a,«(u + a + /3-2) 



t (a,/3)G(m")/p 



det 



N-2 + j + l-n'j 



where the sum J2 t ex tends over the semistandard tableaux on the skew Young 
diagram {m^)/iJ, ^MlJ on letters {1,... ,N}. t{a,P) denotes the entry oft at 
the ath row and the j3th column from the bottom left corner. 



The lemma is related to the ninth variation of the Schur function [ M2 1 , and 
applicable to q-characters for Uq j^L i ) • It is actually valid for any e Z> i . To 

approach the Uq^Cn"^) case in question, we next take the constraints (2.19) and 
( p. 21 ) into account. We introduce the difference operators Lj{u) (1 < j < N) 

by 



Lji^) = H {D - eiXi{u + n + 1 - i)), 

i=N+l-j 



(B.2) 



where = 1 except en+i = f-n+2 — ~1- By Lemma 2.2 and (2.9) we have 
L{u) — Li\[{u). Take the basis {wi{u), . . . ,wn{u)} of the solutions to (2.19) 
such that 



Lj{u)Wyn{u) = l<TO<j<iV. 



(B.3) 



Lemma B.2. Under the above choice of the basis, we have Xm(u) — Xmiu), 
where the latter is defined in (2.4)-(2.^ ). 



Proof. By calculating (B.2) directly, one gets (1 < j < iV — 1) 

Lj{u) = + ( — l)Vj '^"'^^r^ ^ + terms proportional to D, 
qj(u) 



(B.4) 



qj{u) 



1 < < ?i + 1 
n + 2<j<N-\, 

,(u+^) l<j<n 
Qn{u+^)Qn{.u+^) j=n 



?n(u+t)' 



j = n + 1 



?n(«+f)Q„(w+^) j = n + 2 



QN-3iu+^-^) 



i < .1 < N -1. 



22 



Let [0, . . . , j — 1] be the Casorati determinant of WmiuYs as defined in ( 2.201 ). 
Due to ([B.3[) and (B.4) it satisfies the first order hnear difference equation 



D-C7 



Thus we may set 



qj{u) 



[0, 



[0, 



,J-1]=0 1<J<A^-1. 



,j - 1] = (j)j{u)qj{u), 



(B.5) 



wher e 4>j {u) is any function satisfying 4>j (u 
into (B.l) one finds Xm{u) ~ Xm{u)- I 



1) = cr'0j(u). Substituting ( |B^ 



Due to Lemma 



B.2 



we may set iaiu) = Caiu). By combining Proposition 

^ ( p.l4D and ( |2.17| ), this can be further identified with T^''\u) for aU a e Z. 

Substituting this back to Lemma Rl and using ( ^.17 ), we obtain 



Proposition B.3. Let io, . . . ,iAr_i,/i and fi' be as in Lemma B.l. Assume 
further that wi, . . . , wjv satisfy ^B.!^ . Then we have 

[0,ii,«2, • ■ • ,iN-i] 



[0,. 



,iV-ll 



(-l)^^E n a.t(a,/3)(" + a + /3-2) 

t (a,/3)e(Mf)/M 



det 

i<j,i<tii 



where the sum extends over the semistandard tableaux on the skew Young 
diagram t{a,P) is the entry oft at the ath row and the (3th column 

from the bottom left corner of the skew Young diagram (/Ltf^)//x. 
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